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Notes concerning Tidal Oscillatio7is upon a Rotating Globe, 

By Lord Eayleigh, O.M., F.RS. 

(Eeceived May 6,— Eead May 27, 1909.) 

Speculations on tidal questions are much hampered by our ignorance of 
the peculiar influence of the earth's rotation in any but the simplest cases. 
The importance of this element was first appreciated by Laplace, and he 
succeeded in obtaining solutions of various problems relating to a globe 
completely covered with water to a depth either uniform throughout, or at 
any rate variable only with latitude. His work has been extended by 
Kelvin, Gr. Darwin, and Hough. For an excellent summary, reference may 
be made to Lamb's ' Hydrodynamics/ which includes also important original 
additions to the theory. 

But it must not be overlooked that a theory w^hich supposes the globe 
to be completely covered with water has very little relation to our actual 
tides. Indeed, in practice, tidal prediction borrows nothing from Laplace's 
theory, unless it be to look for tidal periods corresponding with those of the 
generating forces. And this correspondence, although perhaps first brought 
into prominence in connection with Laplace's theory, is a general mechanical 
principle, not limited to hydrodynamics. If the theory of terrestrial tides 
is to advance, it can only be by discarding the imaginary globe completely 
covered with water and considering examples more nearly related to the 
facts, as was done in some degree by Young and Airy in their treatment 
of tides in canals. It is true that we are unlikely to obtain in this way 
more than very rough indications, but even such are at present lacking. 
I am told that opinions differ on so fundamental a question as whether 
the Atlantic tides are generated in the Atlantic or are derived from the 
Southern Ocean. Probably both sources contribute ; but a better judgment, 
based on some sort of discussion on a priori principles, does not appear 
hopeless. In this connection, it is interesting to observe that a comparison 
of spring and neap tides shows that the moon is more effective relatively 
to the sun than would be expected from the ratio of the generating forces. 
This indicates some approach to synchronism with a natural free oscillation. 
That the approach is closest in the case of the moon indicates that the 
free period is longer than those of the actual lunar and solar tides. 

Were it not for the complication due to the earth's rotation rendering all 
tidal problems vortex problems, as Kelvin put it, questions such as this 
could be treated without great difficulty, and perhaps illustrated by models. 
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There is nothing improbable in an oscillation backwards and forwards 
across the Atlantic having a period somewhat exceeding 12 lunar hours, 
but a treatment at all precise demands the inclusion of the rotation. This, 
suggests the problem of the oscillations of a rotating ocean bounded hj 
two meridians. 

The present paper does not profess to make more than a modest contri- 
bution to the subject. It commences by developing further the theory 
of the free vibrations of a plane rectangular sheet of liquid, initiated in a 
former paper,* but only under the restriction that the angular velocity is 
relatively small, f Subsequently, the corresponding problem for an ocean 
on a rotating globe, bounded by two meridians, is attempted, but with limited 
success. Probably a better command of modern mathematical resources- 
would lead to further results. 

Plane Rectangular Sheet. 

If f be the elevation, u, v the component velocities at any point, the 
equations of free vibration, when these quantities are proportional to e^'^^ are| 

ia'U—2cov = —gcl^jdXyi. ,^v 

iorv -f 2(ji)%i = —g cl^jdy, J 

and J|+f| + ?!l^f=0, (2)^ 

ax"^ dy^ gh 

in which w denotes the angular velocity of rotation, li the uniform depth of 
the water, and g the acceleration of gravity. The boundary walls will be 
supposed to be situated at a? = + -^tt, ^ = + ^i. 

When ft) is evanescent, one of the principal vibrations is represented by 

i^o = cos X, '^Q = ; (3)- 

and ^0 is proportional to sin x, so that 

o-o^ = gh. (4) . 

This determines the frequency when « = 0. And since by symmetry 
a positive and a negative « must influence the frequency alike, we conclude 
that (4) still holds in general so long as w^ can be neglected. The equation 
for ^ is at the same time reduced to 

d^^]dx^-\-d^^ldy^+ f = 0. (5) 

Taking u^ and v^ as given in (3) and the corresponding ^o as the first 

•^ 'Phil Mag.,' vol. 5, p. 297, 1903. 

+ The condition is satisfied in the case of terrestrial lakes of moderate dimensions, 
especially if they are situated near the equator. 

} Kelvin, ' Phil. Mag.,' August, 1880 ; Lamb, * Hydrodynamics ' (3rd ed.), § 206. 
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approximation, we add terms ui, vi, fi, proportional to w, whose forms are to 
be determined from the equations 

io-^Ui =: —gd^i/dx, (6) 

iaoVi = —gcl^i/di/ — 2(0 GO^x, (7) 

(dydx' + dy.df + 1) (ri, ^h, vi) = 0, (8) 

vi, as well as ^i and ici, satisfying (8), since cos x does so. They represent in 
fact a motion that would be possible in the absence of rotation under forces* 
parallel to v and proportional to cos x. This consideration shows that % is 
an odd function of both x and y, and vi an even function. 

The former investigation proceeded from the assumption for Ui of the form 

tci = A2 sin 2x 4- A4 sin 4cX-^ .... (9) 

which provides for the boundary condition to be satisfied at ^ = + |7r, 
whatever functions of y the coefficients A2, etc., may be. The value of Vi 
thus obtained was 

2a)i r 2 cos If 4 cosh (x/3 . 'ij) o 

'^1 = ^ cos^ "^ — r— — T / .0 \ COS 2a.- 

o- L TT cos yi 61T cosh ( v-^o . yi) 

+ JXzii)!L -_^!M^ (10) 

^(4m2-~.l) TT cosh {3/iv/(4m2-l;} J ^ ^ ^ 

where m = 1, 2, 3, etc. 

This value of vi may be employed to obtain a correction to (Tq. If we 
introduce terms U2, V2, ^2, proportional to ca^ our equations (1) become, with 

retention of (o^, 

d 

icr{uo-{-Ui-\-U2) — 2coVi = — ^-7-(?o + ?i + ^2), 

ia- (vi -+- V2) + 2o) ('2^0 + ^1) = — ^ -7- (?i + &) ' 



or with regard to the equations satisfied by the terms with zero and unit 

suffixes, 

iG-U2-Vi{(T—'ao)^i^'-2o)Vi=^ —gd^2ldx, 

ia-V2-\-2coUi = —gd^2ldy. 

These are the equations that would apply to a rotationless sheet under 
the action of forces parallel to x and y proportional to i {a— (to)uq'- 2(dVi and 
2cdUi respectively, and of speed a. In order that the motion thus 
determined should be, as has been supposed, of the second order in «, it is 
necessary that these forces should include no component capable of 
stimulating the principal motion. For this purpose the force parallel to y 

^ It will be observed that these forces are not derivable from a potential. 
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may be omitted from consideration as operating only upon Vi. Accordingly 
the condition to be satisfied is 

{i^or—G-o) Uo — 2o)Vi} Uodxdy = 0, (11) 

an equation which may be regarded as giving a correction to o-q. 

In the present case the integration, between the limits + Jtt for x an 
+ 2/1 for y, is straightforward and we get 

64:0)^ f TT^ tan 3/1 1 tanh {,viv/(l . 3)} 



a—a-Q = 



■^ - 



ttVo 116 2yx 12.32 ^i-v/(1.3) 



1 tanh {^/l^/(S . 5)} \ .,^. 
"3^52 yU(^.5) J ^^^ 

The limiting values of x have been supposed for the sake of brevity to be 
+ |:7r. If we denote them by ±Xi, we are to replace x, y, yi in (10), (12) by 
^TTx/xi, ^TT^z/^i, l-TT^i/^i rcspcctively. At the same tiine (4) becomes 

The method fails if yi is equal to an odd multiple of Xi. It would then 
become necessary to modify the initial assumption, as formerly explained in 
treating the case of the square, and cr — ctq would rise in magnitude so as to 
be of the first order in co. 

Equation (12) is not convenient in its application to the case where yi is 
very small. If we expand the tangent and hyperbolic tangents in powers of 
yi, we obtain convergent series whose sums are zero for the terms 
independent of yi and proportional to ^i^, but for higher powers of yi the 
series are divergent and no satisfactory conclusion can be drawn. 

I have applied (12) to calculate the value of cr— o-o for the case where 
yi = 1/ s/S. For the various terms of the series within braces involving 
hyperbolic tangents, we get (with reversed signs) 0*102692, 0'003200, 
0-000448, 0-000108, 0-000035, 0*000014, etc, giving in all about 0106510. 
Also tan 23/1/23/1 = 0*514368, Tr^ie = 0*616850. Hence 

0-^0-0= -Hz^x 0*00403. 

The inadequacy of (12) to deal satisfactorily with the case where 3/1 is 
small led me to seek another solution. Here we assume in the first instance 
a form for Vi which satisfies the conditions at 3/ = +3/1, viz., 

^1 = AiCos|l + ...+A..H.iCos (2^^^^, (14) 

2yi 2yi ^ ^ 

VOL. LXXXII. — A. 2 H 
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where m = 0, 1, 2, etc., making vi = when y — ±_yi. Hence, by (7), 

'ha ta IT Ay\ (2m+l)7r 2yx 

no arbitrary function of x being added, since ^i is odd in 3/. 
Further, by (6), 

cr IT Zyi cm (2m + l)7r 2^/1 (^a? 

(16) 

which is to be made to vanish when x = ±|7r for all values of y between 
+ ^1. Now, between these limits, 

,; - %i fgin ^ -~i sin ?S+ _|. (^1)" sin ( ^^^ + l)^y "l n PA 



Hence, when a? = -|7r, 

^Ai_2g>4 ^A2ot+i _ 2ft) 4( — 1)*^ 



6fe ior IT dx tcr (2m + l)7r* 

Now, since t^i satisfies (8), 



(17) 



d^A 



(18) 



dx^ \ 4yi^ 

whence, vi being an even function of x, if yi < -Jtt, 

Asm+i = Bsm+i cosh^a?, (19) 

1. 2 '^^ 1 2 (2m+l)%^ ^ .^^. 

where pi^ = j~-^—l, P27n+r = -^ — j-~ 1. (20) 

43/1 43/1 

If 2/>^7r, (19) changes its form for one or more of the values of m. 
In (19) Bg^+i is a constant whose value is to be found from (17). We get,, 
when. X = |7r, 

%±i = ^B..« sinh (4^.) = p ^)- ; 
a^ ^o■ v2m + l)7r 

so that finally 

_ 2ft) 4 cosh j?ia;. cos (77^/23/1) 
%a IT pi smh (Ij^itt) 

2ft) 4( — 1)^ coshj9^.cos {(2m + l)7r?//2|^i} ,^^. 

io" (2m + l)ir psinh(||)7r) * 



Also from (15) 

2(oi 



Ui = 



cr 



8vi smh»i^ . TTV 
TT-^ smh(-|pi7r) 2^1 



_ (— -ly^Syi sinhp^ . (2mH-l)7r^" 
(2m+l)V^ sinh(|j?7r) 2yi 



(22) 



* The circumstances are such as to justify the differentiation under the sign of 
summation. (Stokes' ^ Collected Papers,' vol. 1, p 281.) 
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The introduction of (21) into (11) gives the correction to o"o in another 
form. We find 

0-— o- — _ 512ft)V^^ y coth (|7ry2m+i) /29\ 

' croTT^ ^ (2m + 1)4^2^+1 ' ^ ^^ 

where m = 0,* 1, 2, 3, etc. Whatever be the vahie of yi, j92m+i becomes 
larger as m increases, and ultimately coth (|7rp2m+i) =1. If J/i be small 
enough, this occurs even for m = 0, and we may then omit the coth in (23). 
If, further, 1 can be neglected in comparison with pi^, we may take 

P2m+i = (2m + 1) Tr/2i/i, 
and (23) becomes 

1024ft)V vrf 1 1024ft)%l^ 1 AAyJKO /0^\ 

(J-cro = -r-^SjTy r-R5 = 6^ ^ 1*00452, (24) 

so that the correction is of the third order in yi, or in ^/i/o^i, if we replace 3/1 
by its general value, viz., ^iryijxi. 

Comparing (12) and (23), we see that 

tanj/ _ 1 tanh {yiy/fl . 3)} ir^ _ 83/1^ ^ coth(|7rp2m+i) /okx 

23/1 P. 32 ;^/iv/(1.3) ••• 16 TT^ ^(2m+l)4i?2m+i* ^ ^ 

If we take yi = y^3, we find from (20) j?i = 5*3487, so that all the coths 
on the right of (25) are nearly equal to unity. The first term (m = 0) 
gives 0-0040199 and the two following are 0*0000165 and 0*0000013, so that 
the right-hand member of (25) is 0*00404, in sufficient agreement with the 
number previously calculated from the series on the left. 

So far we have supposed that the type of vibration is founded upon 
uq = cos (^TTx/xi). There is no difficulty in generalising the solution so far 
as to apply to the type 

^, = cos ^^^±1^ , (26) 

2% ^ ^ 

where I is an integer. We find 

— -^ yy 4(2/ + l)( — iy+^^ cosh j9;:g . cos {(2m + 1) Tryl'lyi) .^^x 

ia ^ 2^1 (2m +1) p.mihfXi 

where the summation relates to m, taking in succession the values 0, 1, 2, etc., 
and 

„ ^ (2m + l)V_ (2[+l)V ..p„. 



It is assumed that 



y^<^^ (^^) 



otherwise one or more terms corresponding to the lower values of m will 
change their form. 
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A process similar to that already employed when ^ = gives for the 
corrected value of a, 

rr^n- - 64^)^ (2^+ 1)V y. C0th|?^i ...^^ 

which agrees with (23) when we put / = 0, ^i =|7r. It is .to be observed 
that the general value of ctq is now given by 

"' i^? ' ^^^^ 

SO that (30) may also be written 

(T—CTo _ __256ft)^^l^ ^ COthj?% ^o9\ 

~~^^ ~ ir'^gli "^ ( 2m + 1 ^^x^ ' 

in which Z does not appear directly. 

There is also another class of primary vibrations in which the motion is 
parallel to x and is expressed by 

% = sin {lirxixi), ^y^ = 0, (33) 

I being an integer. For this case we find, in the same way, 

2(0 liry liTX 2ca 8Zi/i ^ (■— l)^"^^^ coshpo:; . (2?n-fl)7rv roA\ 
•^cT-o ^1 Oh 'i'O'o TTXi ^ (2m 4- 1)"^ cosh^^i 2?/i 

(Jo (2m+l)a?i p coshpa^ii Zyi 



f = "-"'"Zi ~ -^ • ^^^> 



where vi takes the values 0, 1, 2, etc., and 

2 __ (2m + 1)V^ _ l^iT 
4^1^ ^1 

It is here assumed that y < 21 /xi, so that p^ is positive even when m = 0. 
In this case Ui is an even function of x and an odd function of y, while Vi is 
odd in ^ and even in y. 

The value of o-q^ is now given by 

^ ^ ' ^ ' 

and for the correction to o-q we have 

a — a-Q _ _ 256ft)^yi^ yr tanhj^iTi .oo\ 

(To ~ ttV^- ^ (2m -]- If pxi' ^ ^ 

It will not be forgotten that in this formula, as well as in (32), m^ is 
neglected. 

In the examples hitherto given the primary motion (m = 0) is parallel to 
one of the sides of the rectangle. I will now take an example from the 
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square, where the primary motion is symmetrical with respect to x and y 

and defined by 

fo o: cos X cos I/, (39) 

the sides of the square being the lines x = ±7r, y = ±7r. In harmony with 

(39) we get 

Uq = sin X cos y, Vq = cos x sin y ; (40) 

and since ^o satisfies 

dx^ dy^ gk 
we see that g-q^ = 2gh. (41) 

Also (dydx^ + dydy^ + 2) (^i, ^^b ^i) = 0. (42) 

The equations of the next approximation, analogous to (6), (7), are 

io'oUi — 2co cos X sin y = —g d^i/dx, (43) 

io'oVi + 2ft) sin x cos ?/ = —gd^i/dy; (44) 

and they are the same as if impressed forces 2ft) cos x sin y, — 2ft) sin ^ cos y 
acted parallel to u and '?; respectively and there were no rotation. From this 
we may infer that ui is even in x and odd in y, while vi is odd in x and even 
in 7/. 

The procedure is much the same as before. We assume 

vi = tY2m+i COS |- (2m + 1) y, (45) 

where m = 0, 1, 2, etc., making ^^i = when 3/ = ± tt. From (43), (44) 

we deduce 

4ft) . , ^ 2 dY2m+i ' 2m +1 ..^s 

% = -r~ cos X sm y-{- y- — —^ sm — -~ — y ; (46) 

so that == y-A-^^'^^^+i singly -~ ^ sin ^, (47) 

TT 

since '^^^i = when ^ = ± tt. 

Now, between the limits + tt f or y 

8 ri . ^ , 1 . 3y (-l)'^^ . (2m+l)y1 ..q. 

smy = -■ l^sm^ + O^^^f "^ (2m^l)(2m-f 3) "" ^-^ j' ^^'^ 

And thus -^ ^^ -f ^^ ,, ^(7/); ,, = 0. (49) 

2m+l dx^ ^o* 7r(2m— l)(2m4-3) ^ ^ 

But V2m+i satisfies 

^^^2m+i (2m + l)V _L.9V -0 rp;0^ 

—-^ — ~ V2m+1+ ^ V2m+1 — V, \p^) 

and hence, being odd in x, takes the form 

Vsm+i = B2m+isinh^«, (51) 

where ^^ = ^ (2m +1)^-2. (52) 
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This form obtains when m > 0. When m = 0, ^ = -|^-v/7, and 

Vi = Bi sin ( J\/7 . x). (53) 

Using (49), (51) to determine B, we get 
__ 4fi> r 4 sin (|-\/7 . x) . cos ^y 



Vi 



^^ . 



id L'TT . 3 . l-v/7 . cos (|v^7 . it) 
4 ( — 1)''' {2m + 1) sinh ^px 



(2m + l)^' 



7r(2m + 3)(2m-l)pcoshj57r^^^' 2 "^ ^' ^^^^ 

in which the first term may be deduced from the general term by putting 
m = if we remember that 

sinh {ix) = i sin x, cosh {ix) = cos ^. 

Also from (46) 



4fo f . 8(--iy''coshm^ 

ui = -^-4 cos « sm y— — ~- ^ttt^ — --~~f — -. 

to- L 7r(2m — l)(2m + 3)coshp7r 



sm^ i_-_z^ [>.. (55) 



It is evident, however, that there must be another expression for Ui 
analogous to that given for vi, and such as would be obtained by starting 

from 

% = SUswi+i cos |- (2m + 1)^ (56) 

instead of from (45). We may, in fact, interchange x and y if we reverse the 
sign of ft). Thus 

4ft> r . 4(^iy^^(2m4-l)sinhj:>3/ ^^^(2m + l)x 
TT (2m + 3) (2m — 1) ^ cosh pir 



Ui 



%(T 



J ^ ^ ^ I - ^ V ^/ \ ' -^z '-^^'■^'■rj Q^Q^ \-"- ■ ^/ -"^ I ^ ^ ^ I (57) 

\"* 7r(2m + 3)(2m — 1)^ cosh^TT 2 **'/' 



In applying these results to find a correction to a^, we have, much as 

before, 

i(T(sU2 -\-i{(T'— (To) ti-Q — 2cot'i = —g d^2/dx, 

i(roV2 ■^ri{(T—cTo)'V(i-\- 2mti =z —g dl^2ldy ; 
and thus 

{(o- — cro) 'lio + 2imvi } Uq dx dy+ \ {(a-— 0-0)^0 — 2icoUi } % dx dy = 0. (58) 

In accordance with what has been said, if one of these integrals vanishes, so 
does the other, and we may confine our attention to the former In the 
first place 

ui dxdy ■- 



TT^. 



59) 



In integrating i)iu^ we have 

""" t/o .1^ ^ 4(2m + l)(-l)^^ 

cos I- (2m -f 1) 2/ . cos i/ f^2/ = — 7™ r-r-- — 7-^ 

__ ^ ^ ^ "^ ^ ^ (2m — l)(2m + 3) 



f: 



and 



+f ^ . -, 2 smh piT 
smh px sm x dx — — 5—- — . 



(60) 



(61) 



—ir 
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Thus (j-o-o = -^ ^y^ 1\2/0 , Q\2 / 2 , 1X ^ C^^) 

^ being given by (52). 

For calculation of the first term under the sign of summation (m = 0) the 
form must be modified. We find 

-8 tan (-y 7) ^ _ 0-057309. (63) 

The most important term is the next for which m = 1, p = ^, Under the 
sign of summation we have 

8.3^tanh(| 7r) ^ 0-16816 (64) 

The following terms are 0-00166, 0-00021, and 0-00005, so that altogether 
we may take as the sum of the terms under the sign of summation +0-1128. 
Accordingly 

cr-a-o=-^ X2-925; (65) 

(To 

and this result, being already of the right dimensions, applies whatever may 
be the size of the square. It may be remarked that the sign of the correc- 
tion is the opposite of that applicable to the circle, for which approximately* 

0-— cTo = +2ft)^/cro. (66) 

These results are, of course, applicable only under the restriction that co is 
small compared with cr, the latter quantity depending on the size and depth 
of the sheet of liquid. In the case of lakes and seas upon the rotating earth, 
we have also to remember that co depends upon the latitude. At the equator 
0) vanishes. 

Spherical Sheet of Liquid. 

An attempt will now be made to apply similar methods to the free 
vibrations of an ocean on a rotating globe, the water being of uniform 
depth h, and bounded by vertical walls coincident with two meridians, <^ = 
and ^ = 2<j)i, Using a similar notation, we have as the general equationsf 

iau—'2(joVGOsd = — - -h> (67) 

(X du 

iav + 2mc cos =z ^?— ^^ (68) 

a sm d(f) 

with the equation of continuity 

■^ Lamb, loc. cit., p. 306. 
t Lamb, loc. cit., p. 314. 
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Here 6 denotes the colatitiide, a is the radius of the globe ; co its angular 
velocity of rotation: u, v the velocities along and perpendicular to the 
meridian. As is usual, we shall write fi for cos when convenient. 

Bj (67), (68), u and v may be expressed in terms of ^, and substitution in (69) 
will then give an equation in f only. When to = 0, this equation is the 
well-known one, 

We will suppose that the primary motion — that which would obtain if 

ft) =: — is represented by ^o; %, '^o, and that Vq = 0, so that the primary 

motion is wholly in latitude. And we will begin with the further supposition 

that 

5) oc ytfc, % = sin 0, (71) 

Substitution in (70) shows that 

o-o^a^ = 2gh. (72) 

The motion is that which might obtain equally over the complete sphere, 
the liquid heaping itself alternately at the two poles. 

It is to be observed that, under the circumstances here contemplated, 
(70) holds good so long as o)^ can be neglected, since all that is required in its 
formation is the omission of cdv and of co dii/dcj}. We write it in the 
form 

Jl(1^^2)^+ 1 gi +2fi - (73) 

and we observe that (73) is satisfied also by ui and by 

ia-vi sin ^ ■+ 2ft) sin^ 6 cos (73a) 

if fi, ^ll, vi are the correctional terms proportional to oo. If we substitute 
sin^ 6 cos 0, or fi (1 —jjP), in the left-hand member of (73), we get — 6//, + 10/>6^ ; 
so that 



^ (l_^2)^^_i___^^^2 (^isin^) = ^(Q^-lOf,^) (74) 



2ft> 

^dfjb ^ "" '' dfi ' 1 — fi^ d(f)^ 



Here Vi sin d vanishes at the limits of cj). If we assume 

vi sin — XV m sin (m7r^/2<^i), (75) 

we may deduce for the left-hand member of (74) 



X 



d (i_^.)iy™_ 1 mV^^^^^vJsin^. (76) 



d,i'- ^^ d,ji l-^2 4,/,i2 '" ■ '"J 2^ 
For the expansion of the right-hand member we have, between and 2<^j, 

-I 4 r . TTof) , 1 • STTcf) , 1 ■ birtb , 1 ,^,„.. 
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so that for the general term 

m being an odd integer. For even values of m, V^ vanishes. 

The complete integral of (78) comprises, as complementary function, two 
functions of yu., one odd and one even, each multiplied by an arbitrary 
constant. In the present case we have to do only with the odd function 
and its coefficient is to be determined by the consideration that V,„ 
remains finite at the poles (/u. = + 1). A complete treatment presents 
considerable difficulties. Eeference may be made to Theory of Sound, § 338. 
In the present case the n of spherical harmonics is unity, but s (= m7r/2<^i) 
is not necessarily integral, still less an integer not exceeding 1. 

"When (pi is small, the calculation simplifies, for then the second term on 
the left of (78) predominates, and ultimately we have 

V^ = -2a) 3^^3 3 3_^ . ,^ ^^9^ 

which with (75) determines Vi sin 6 for the extreme case. We may pursue 
the approximation with respect to <^i by substituting from (79) in the first and 
third terms of (78). For this purpose we may use 



(l-^^)|:(l-^\|+2(l-;.^) 



/jL"" 



= %(?l--l)/^«-2_2(^l2~l)^«-f (# + ^J-2)yU,^ + 2 (30) 

As was to be expected, the term in fj. (n ^ 1) contributes nothing. 
The result of substituting S/j.—S/m^ + Bjul^ is thus 

-48yL6 + 228yL63- 320yLt5 + 140^7 . 

and accordingly the second approximation to V^ is 

V» = (79)-?^^\-12;.+ 57^3-80^H35/x^). (81) 

When vi sin 6 is known, the corresponding terms in gi and %ii may be 
found from (67), (68). 

We will now apply (79) to calculate a correction to ao in the manner 
already employed for plane sheets. We have to make 

{i {a — cTo) % — • 2a)Vi cos 6} Uq sin 6 d6 d4^ = 0, (82) 

where i^o = sin 0, and the integrations extend from — 1 to 4- 1 for jn, and 
from to 2(^1 for ^. The calculation is straightforward, and we find 

^ ^ _ 16(i)%^ ,g^s 

OOCTo 



\m ^ 
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where %vi~^ (m odd) has been replaced by its equivalent, ir^j^Q. A 
continuance of the approximation from (81) gives another term in (83) 
involving (as well as w^) 0i^ and Sm"~^. It appears that 

^ iGcow r m^n .84) 

35cro L 45 J ' ^ ^ 

when we substitute for Sm~^, 2m~^, their values, viz., ir^/dQ and 7r^/960. 
If it were important, the approximation with respect to <^i could be carried 
further without much difficulty. 

We will now pass on to consider the most important primary mode in 
which g) is an even function of jn, proportional to the zonal harmonic of 
order 2, or to yu-^— ^. In agreement with this we take 

icq r= COS sin 0, Vq = 0. (85) 

Substituting the value of §> in (70), we see that 

(70%^ — ^gh ; (86) 

and ^1 satisfies 

|.(l_^2)^i+ 1 gi+6Ci = 0, (87) 

cifji dfx l—ij/d(p2 

an equation satisfied also by ui and by 

idVi sin 0-\-2co cos^^ sin^^. (88) 

Substituting (88) in (87), we get 



^ (l__^2)_^^._J_^|!_ + e 



(^1 sin 0)=-^(l-Qfj^^-^ 1^% (89) 



_dfjb dfji 1—fji d(j) 

the analogue of (74). Eetaining (75) and understanding, as before, that m 
is an odd integer, we get, with use of (77) for the general term, 

dfjb d/jb 

where s = m7r/20i. 

This equation may be treated in the same way as was (78) ; but it may be 
well to introduce a modification which would be convenient in pursuing the 
approximation further. We will divide (90) by the factor which multiplies 
the parenthesis on the right, taking 

V ' — V ■ — ^^ ^ • 

i(r oniT 

and assume* 

V^' =Ko + K2/.^+...+K,/.-, (91) 

■^ Thomson and Tait's * Natural Philosophy,' 2nd ed., Part I, p. 210. 
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where n is even. Substituting in the right-hand member of (90), we find as 
the coefficient of /i^ 

Hence n — 0, 1. 2K2 — (s^— 6)Ko = 1, 

n=2, 3. 4K4-(s2 + 2)K2-6Ko =-7, 

^ = 4 6. 6K6-~-(s2 4-26)K4 = 13, 

n = Q, 7. 8K8-(s2 + 66)K6 + 14K4 =-7, 

^^ = 8, 9.10Kio-(s^ + 122)K8 + 36K6-: 0; 

the right-hand members being zero for 8 and all higher values of n. It will 
be seen that one of the coefficients is arbitrary, providing the necessary 
undetermined element. The problem would be so to choose it as to satisfy 
the condition at the pole. 

When s^ may be treated as large, we may divide the system of equations 
by it, obtaining as the first approximation 

Ko = s-^ K2 = 7s-^ K4 = -13 s-^ Ke = 7s'\ (93) 

after which Kg, etc., vanish. To obtain a second approximation we sub- 
stitute the result of the first approximation in the smaller terms. Thus 

Ko = -T^ + l^ = -.-^8.-^ 

In like manner, 

K2 = 75-2-148 s-\ K4 = -13 5-24.5485-4^ 

Ke = 75-2 _ 644 s-\ Kg = 252 5-^ ; 

after which the K's are zero to this order. The approximation may be 
pursued, and at each step another K enters. In this process the difficulty of 
satisfying the general condition at the pole is evaded. 
If we stop at the first approximation (93), we have 

Using this value of -^i sin $ in (82), we find 



16ft)2<^ 



2 



o--cro = -^^^^P^ (95) 

as the correction applicable for this mode of vibration of a narrow lune. 

From some points of view, there is advantage in the use of z^ ( = sin 6), 
rather than fi, as independent variable. In place of (90) we have* 

/72Y ' .JY ' 

^'(l-^')^^ + ^(l-2''')^ + 6z;2V^'-52V^' = 2v'^Sv^-h7v^; (96) 

* See * Theory of Sound,' § 338. 
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but for the moment we will take on the right the more general form 
av^ + hv^ + cv^. Assuming 

V^' = Ho + H2z;2 + H4z.^+..., (97) 

we find on substitution in the left-hand member of (96) as the coefficient 
of v'' 

(r2-62)H,-{(r"^l)(r-2)-6}H,-2. (98) 

Thus for the term depending on a^ 

Ho = 0, H2 = a I {4.-8% H4 = 0, etc. ; 

SO that YJ = T — -o> simply. (99) 

For the term in l, 

Ho = 0, H2 = 0, H4 = •- — -, He = '. ~.. H4, etc. ; 

so that 

Y .^ ^v' , &(5.4^6)z.^ L(5.4^6)(7.6-6).« , ... 

In like manner, for the term in c, 

Introducing the numerical values of a, h, c, we find for the sum of the 
three contributions, 



2v^ '^v'^ Ish^ ■ r,. 4.9 ,. 4. 96. 11 






22-. 52 42^52 (42_g2>|(62-:s2>| { 82-s2- 82_52 102^s2 



V 



4 



4.9 6.11 j^jj 6 . 1 n02> 

and there is also to be added the complementary function, 

V. -A^ ^i+ 2(2s + 2) "^ 2A.(2s + 2)(2s + 4.) "+•••/' ^^^'^> 
in which A is a constant. 

The expressions in (102), (103) vanish when p = 0. It is further necessary 
— and this is the condition determining A — that dVm /dO should vanish at 
the equator (v := 1). ISTow 

dYJ jdO = cos 6 . d\J jdv, 

in which cos 6 vanishes. So far as regards (99), (iV^'/^^'^ i^ finite when v — 1, 
so that no further question arises here. But for (100), (101), (103), dYJ jdv 
is infinite when 2^ = 1, and a further scrutiny is called for. 
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As a first step we may examine (103), taking it in the more general' form* 

^^ _ jjsj l_^ (^■^•~" -2 ^) ("2^ + "2 ^ + 2") ^2 

+ 1.2(.+ l)(. + 2) z.+...|. (104) 

In Ganss' notation for hypergeometric series, 

^}r, = v^¥{ci,/3,y,v^), (105) 

where a. = Js— -|^, /3 = ^s-{-^n-^^, y = s + l. 

Since 7— a— ^ = -^^O, F is finite when v = 1, and accordingly so also 
is i/rg. But for dyjrs/dv we have 

of which the first part, being finite, need not be regarded. Thus when z/ = 1, 

dylr,/de = (l--'V^)idFJdv. (106) 

Now 

dp 1 .y 

in which,t when z^ = 1 nearly, 

In the present case 

7 — a — /3--1 = —J, 

and thus when v = 1 

d^s^ 2r(7) _ 2r(.s+l) 

c?0 r(«).r(/3) r(|s-i«).rGs+-|w+|)- ^'^^^ 



If -Ti = 2, as at present, 

dAJTs^ 2r(g + l) 

de r(i-s~i).r(i5+f)' 



(109) 



when 6 = Jtt. Thus d'^^rsjde has a finite value at the equator, as was to 
be expected. 

It may be proved without difl&culty that (102) converges when z; = 1 
and s is not an even integer. Any finite number of terms which may have 
negative denominators being excluded, the remainder may be expressed as 
a hypergeometrical series. But the form is more complicated than 
before, and the evaluation of dN^' jdO would be rather tedious, even if 
practicable. 

^ * Theory of Sound,' loc, cit Here n = 2. 
t ' Infinite Series,' Bromwich, p. 171. 
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A question obtrudes itself as to what happens when s is an even integer. 
When s = 2, there is synchronism between the primary and a derived 
vibration, and the occurrence of the infinite denominator 4— s^ is what 
might have been expected. But in the case of other even integers no 
synchronism is apparent, and it would seem that the complication is of an 
analytical character only. The solution compounded of (102) and (103) 
changes its form. It would be of interest to follow out the process, say 
for the case 8 = 6, which might roughly represent jbhe circumstances of the 
Atlantic Ocean, but I am not prepared to undertake the task. 
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(Plate 1.) 

The phenomenon described in this paper was first noticed when making 
some preliminary experiments in an investigation suggested by Prof. Sir J. J. 
Thomson, The effect of the gases contained in metals on the nature of the 
discharge obtained when these metals are employed as electrodes in vacuum 
tubes has long been a question of interest. It was suggested that by employ- 
ing palladium one might hope to obtain interesting results, owing to the 
property possessed by this metal of absorbing large quantities of hydrogen. 
The result of these preliminary experiments has already been briefly stated,* 
but as the effect seems to be a new one, it seemed of sufficient interest to call 
for a fuller investigation. 

Apparatus. — A tube was fitted up containing an ebonite plug through 
which two stout brass leads were passed. To the extremities of the leads 
was attached, by means of screws, a piece of palladium foil about an inch in 
length and a tenth of an inch wide. The leads and plugs were fixed in 
position by sealing-wax. The tube was sealed by the blow-pipe to a mercury 
pump and was in connection with a pressure gauge, drying-bulb, etc. The 
tube could be isolated from the rest of the apparatus by means of a baro- 
metric mercury seal. By passing an electric current through the palladium, 
it could be heated to any required temperature. (See Plate 1, fig, 1.) 

"^ VCamb. PhiL Soc. Proc.,' vol 14, No. 6, p. 578, 1908. 



